7.1 Integration By Parts

February 28, 2015

1 Integration By Parts

To differentiate a product of two functions of x, one uses the Product Rule for derivatives,
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Thus, / [£(2)g () + 9(2) f'(2)] dz = F(z)g(x)
/ (@) (@) + / 9(0)f' () de = f(x)g(x)
So, / f@)d (@) de = [(z)g(z) - / o(0) ' (z) dx

Note 1: The formula / f(x)g (z)dx = f(x)g(x)—/g(x)f’(x) dz is called formula for integration

by parts. An easier formula to remember is the following: Let

u=f(z) dv =g (z)dx

’

du= f (x)dx v =g(x)

/udv:uv—/vdu

Guidelines for Integration by Parts / udv

How to choose v and dv.

1. Let u be a factor of the integrand that becomes simpler (less complicated-reduced) when differ-

entiated.
2. Let dv be a factor of the integrand that can be integrated easily( fits a basic integration rule).

3. The selection of u and dv must make the second integral / v du less complicated.



7.1 Integration by Parts Techniques of Integration

When to use Integration by Parts

1. The product of polynomial or power with trigonometric function or inverse trigonometric func-

tion where the polynomial or the power is not the derivative of the angle. For example.

Use Integration By Parts | Do not Use It
/:L'” sin (bx) dx / xsin (2?) dx
/ Y/ cos (bx) dz / 2% cos () dz
/x sec? (bx) dz /:r sec? (z°) dx

[
/

tan

sin” z dz

/cos T dr

2. The product of polynomial or power with exponential function where the polynomial or the

power is not the derivative of the exponent. For example.

Use Integration By Parts | Do not Use It

/x”ebx dx /J,SIZ dx

/ x5 da / 226%° da

/(m” + a)e’® dx /IGI’Q dz

/ Yxe® dx

3. The product of polynomial or power with logarithmic function where the polynomial or the

power is not the derivative of the function inside the log or In. For example.

Use Integration By Parts | Do not Use It

/lnxd:c /ln—ldr
I
/(ln x)" dx / 2627 o
x

/(:c" +a)lnzdz
/ YVrlnadx

4. The product of exponential function with trigonometric function where the exponential function

is not the derivative of the angle. For example.

Use Integration By Parts Do not Use It

/ e’ cosx dx / e’ cos (") dx
/ e sin (bx) dx / e sin (%) dx
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7.1 Integration by Parts Techniques of Integration

Example 1: Find / xcosx dx.

Solution:
Let
uU=x dv = cosz dx
du = dx v=sinz
Therefore,

/xcosxdm = (z)(sinzx) — /sinxdm
—_—— T,_/
uwy Jvdu

=zsinx — /Sin:cd:n

=zsinz — (—cosz) + C

=gsinx + cosx + C.

n
Ezxample 2: Find / Inx dx.
Solution:
Let
u=Inx dv = dx
1
du = —dx V=2
x
Therefore,
1
/ln:ﬂd:c = (Inz)(z) — /:U— dz
T
uv vdu
=zlnz — / dzx
=zlhz—-—z+C.
| |
Example 3: Find / t2et dt.
Solution:
Let
u =t dv = et dt
du = 2t dt v=e¢
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7.1 Integration by Parts

Techniques of Integration

Therefore,

/ﬁ&ﬁzﬂé—/%&ﬁ
Ré—z/wwt

=%t — 2 [tet — / et dt]

=%t —2 [tet — et] +C

du = dt

simplify

t2et — 2te? + 2¢t + C

= (t* -2t +2)el +C.

Int. by part again u =1

Use /u, dv = uv — /7,‘ du .

dv = e' dt.

. t t
integrate /e dt =e¢" .

|

Exzample 4: Find / e’ sinx dz.

Solution:

Let

u=sinz T dx
du = cosx dx
Therefore,
/ex sinzdr = e*sinx — /ex cosx dx vse [udv—=uv— [vau.
— ez Sin X — / ex COS T d.%' Int. by part again u = cosz dv = e” dax.
du = —sinzdx v =-¢e".
— ez Sinl‘ - |:6x COST — /(ez)(_ Sin l‘) dl':| Use / udv =uv — / vdu .
/(f:c Sin[L’ d!IJ — ez Sin X — ex COST — /(f:c Sin X (ifl; We are trying to find / e’ sinx dx.
/ e’sinx dx + /e“” sinzdr =e*sinz — e® cosx Add the two integral.
2 / ez Sinl‘ dl‘ — ez Sin T — ex COSs ™ Divide by 2 and add C to the right side.
T o7 T
. e SINT — e CoOST
e’sinx dr = +C.
2
||
1
Example 5: Find /tan_l rdr.
0
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7.1 Integration by Parts Techniques of Integration

Solution:
Let
u = arctan x dv = dx
1
du = dx V=2
1+ 22
Therefore,
1 1
_ 1 1 T
/tan 1 X d.%' = xrtan 1 .%"0 - / m d.%‘ Note d(1 + Jl,‘2> =2z dx .
0 0

1
1 2 e
== [(1) ta‘nil 1-— (0) ta‘nil O] - 5 / 1 +xx2 d.%' Use / % de = In|f(x)| .
0

s 1 2711
T_In2
4 2
s

—1In4
1

Reduction Formulas

Integration by parts can be used to derive reduction formulas for integrals. These are formulas that
express an integral involving a power of a function in terms of an integral that involves a lower power

of that function.

. -1 ., n—1 e
1. /sm”xdx:—sm" Lycosx + sin” 2z dx

n n

1 n—1 _
cos" xdxr = — cos” 1xs1nx+ cos" 2 xdx
n n

n—

sec" 2gztanxz n—2

sec" vdx = + /sec”_gxdx, n # 1, /secxdmzln]secx—i—tanx]

|
|
|
|

tan” 1 9
tan"zdr = ——— — [ tan" “xdz, n # 1, [ tanxdzr = In|secz|

n—1

n —cot" 1z 2 .
cot"vdr = —— — [ cot" “xdr, n#1, [ cotxdr=In|sinz|

n—1

(=)

csc" 2xcotr  n—2
. /csc”x dx = 1 + 1 /csc”_Qx dx, n # 1, /cscxdx = In|cscz — cot x|
n— n—

—1 n—1
Exzample 6: Prove the reduction formula / sin"zdr = — sin" 'z cosx + / sin" 2z dz.
n n
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7.1 Integration by Parts Techniques of Integration

Solution:

Let

n—l dv =sinzdz

u = (sinz)
du = (n — 1)(sin )" 2 cos x dx v=—coszT

2 2

r=1-—sin"z.,

/sinn zdx = / sin” !z sinx dz

=sin" ! z(— cosz) — /(— cosz)(n — 1)(sin” 2 z) cos z dz

Thus, we use cos

= —sin" tacosz 4 (n—1) /sin”_2  cos?  dx
= —sin" tzcosz+ (n—1) /sin”_2 z(1 — sin? z) dz

= —sin" tacosz + (n—1) /sin"zxdx —(n—1) /sin”xdw

n [sin” x dx

(n— 1)/sin"xdx+/sin”xdx = —sin" ' zcosz + (n — 1)/sin"2xdx

1 _ n—1 _
/sm” xdr = —=sin" 'z cosz + sin" 2 xdz.
n n

Ezample 7: Evaluate / sin (/) dz
Solution:
Let w =z = w? =2, so 2wdw = dx.
Hence /sin(\/E) dr = /sinw 2wdw = 2/wsinwdw.
Now, using integration by parts with
uU=w dv = sinw dw
du = dw v = —Ccosw
Therefore,
wsinw dw = —w cosw — /(—cosw) dw = —wcosw + /coswdw = —wcosw +sinw + C.
/sin(\/i) dr = 2/wsinwdw = —2wcosw + 2sinw + C.

Thus, /sin (Vz)du = —2+y/x cos (v/z) + 2sin (V) + C

Example 8: Find /
P V14 :U2
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7.1 Integration by Parts

Techniques of Integration

Solution:

Using change of variable,

let w = 1/1+ 2, then u? = 1 + 22,
2udu = 2xdzx.
Thus xzdr = udu and 22 = v? — 1.

Hence

:C2
/ﬁiﬁﬂ“?/

u?—1

wdu
o

:/( 2 _1)du

1

= —u+C

3

= %\/(1—%:62)3— V1i+22+C

— é(l +.’E2)3/2 o (1 +.’E2)1/2 +C

= (1 +2%)/? Eu +2%) - 1} e

2

1
_ ni/2 |t 2 4
(1+ 2% [Bx 3}+C

(22 —2)Va2 + 1

+C

Using Integration by parts,

UZIE2

3

dv=(1+2%)""?zdx

du = 2x dx v:\/l—i-—ac2
/de:x%/w—ﬁ—/%\/H—xde
:xQ\/H—x?—/(l—i—xQ)l/Q%vdx
= VTHa? - 214222 40
= V1t a? - T aBP +C

V1422

=z2(1

+ 562)1/2 o %(1 + IE2)2/3 +C

— @42 - Sasah) 40

1 2
-1 N2 |t 2 2 C
(1+42%) LA s
2 _ 2 2 1
_ (= )3 "+l .
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7.1 Integration by Parts

Techniques of Integration

Integrals of the form / f(x) g(z)dz, in which the higher derivative of f becomes zero and the an-
tiderivatives of g can be calculated without difficulty, can be evaluated using tabular integration.

Example 9: Evaluate / 3% dx

Solution:

Alternate signs w and its derivatives dv and its antiderivatives

+ 23 2z

Differentiate until you get 0.

1 3 6 6 1 3 3 3
/x362“dx = +§x362“ — ZxQezx + gxezx — EeQI +C = 5353621 - Z.%'QSQI + erQI — X4 (.
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7.2 Trigonometric Integrals

February 28, 2015

2 Trigonometric Integrals

Integrating Powers of the Sine and Cosine Functions

Trigonometric identities

1. sin®z 4 cos’z =1 2. sin2x = 2sinzcosz
3. sin’x = 1-cosaw 4. cos’z = Ly cos2w
2 2
1 1
5. sinzcosy = §[sin(:c —y) +sin(z + y)] 6. sinz siny = §[cos(:c —y) — cos(z +y)]
1
7.cos2x = 2cos’x — 1 =1—2sin’z 8. cosxcosy = E[cos(az —y) + cos(z + y)].

Guidelines for Evaluating / sin™ x cos™ x dx

1. If the power of the sinz, m = 2k + 1 is odd and positive, save one sinx factor and convert
the remaining factors to cosz. Then, expand and integrate. We assume that v = cosx, then

du = —sinx dx.

odd convert to cosx save for du

—
/sin%ﬂxcosnxdx :/ (sin? z)*  cos" z sinzdx
— 2,.\k n :
—/(1—008 x)" cos" xsinx dx
=— /(1 —u?)ku" du

2. If the power of the cosz, n = 2k + 1 is odd and positive, save one cosz factor and convert

the remaining factors to sinx. Then, expand and integrate. We assume that u = sinz, then



7.2 Trigonometric Integrals Techniques of Integration

du = cos x dx.

odd convert to sinz save for du

—N— —N—
/sinmxcoszk+1xdx = /sinmx (cos?z)F  cosxdu
= /sinm x(1 — sin? z)* cos z dx
= /um(l —u?)* du

3. If the powers of both the sine and cosine are even and nonnegative, make repeated use of the

identities (3) and (4).

Example 1: Find / cos® z dz.

Solution:

/cos3xdx = /cos2x cosz dr

= /(1 —sin’ x) cos zdx

= /(1 — sin2 .1‘) cosxdxr Letu=sinz, then du = coszdz.

:/(1—u2)du

1
:u—§u3+C’

1
=sinx — gsing’x—i—C.

Example 2: Find / sin® z cos® z dz.

Solution:
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7.2 Trigonometric Integrals Techniques of Integration

/sin5 xcos? xdr = /sin4 xcos’ & sinx dx
= /(sin2 z)? cos® x sinz dx
= /(1 — cos® z)% cos® x sin xdx Let u = cosx, then du = —sin z dx.
= /(1 — u?)%u? (—du)
= —/(1 — 2u? +u4)u2 du
- —/(u2 —2u4+u6)du

-1 2 1
:?cos3x+gcos5x—?cos7x+0.

™

Example 3: Find / sin? z dz.

0
Solution:

™

™
. . > 1 —cos (2z
/SIDQl’dl’: /Sln2xdaz sin®x — “;*( v)
0

0
s 1 B
_ / cos (2z) dx
2
0

[1 — CoS (21’)] dx /cos (azx)dx = % sin (azx) + C

Il
(NN
—y

™

v — %sin (m)]

O

oY N N

Example 4: Find / sin* z dz.

Solution:
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7.2 Trigonometric Integrals

Techniques of Integration

/ sin z dx = / (sin® z)? dx
:/{1%;8(295)]2%

= i/[l — cos (2z)]? dx
1
4
1

4

= %/[% —2cos (2x) + %cos (4x)] dx

= - /[1 — 2cos (2z) + cos? (2z)] dx

. 2 1 — cos (2x)
Sin” & = —————.

1+ cos (4x)
—

cos® (2x) =

= —/[1 —2cos (2z) + % + %COS(‘M)]dx

/ cos (ax) dzr = ! sin (azx) + C

a

1/3 1. 11
=7 <§x 25 sin (2x) + 57 5in (4£E)> +C
3

1 1
= —x — —sin (2z) + — sin (4z) +

8 4 32

c

Integrating Powers and Products of the Tangent and Secant Functions

Useful trigonometric identity: tan®z + 1 = sec?® x

Useful integrals:

1./sec:ctan:cd:c =secx +C

3./tanxdm =In|secz| + C

2./se02xdx:tanx+C’

4./secxdx = In|secz + tanz| + C.

To see /secxdm =In|secx + tanz| + C.

/sec:cd:c:/secx

/ sec x tan x + sec? x

=In|secz + tanz| + C

secx + tanx
——dx

secx + tanx

secx + tanx

dx

/ 2
(secz + tanx)’ = secx tanx + sec” .

/

I'(z) r=In|f(x )
@) de =In|f(z)| +C
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7.2 Trigonometric Integrals Techniques of Integration

Guidelines for Evaluating / tan™ x sec” x dx

1. If the power of the tanxz, m = 2k 4+ 1 is odd and positive, save a secx tanx factor and convert the remaining

factors to secx. Then, expand and integrate. We assume that u = secz, then du = sec x tan x dzx.

odd convert to secx save for du

2k+1 2 Nk 1
/tan + xsec”xdx:/ (tan” x)"  sec" " xsecxtanzdx
= /(sech —1)Fsec” ' zsecztan x dr = /(u2 — D" du

2. If the power of the secz, m = 2k is even and positive, save a sec® z factor and convert the remaining factors to

tanz. Then, expand and integrate. We assume that u = tanz, then du = sec® z dz.

even convert to tanx save for du

—N— —_—~— ——
m 2k m 2 k-1 2
/tan xsec” xdr = /tan x (sec”x) sec” x dx
= /tanm z (14 tan® 2)* ' sec® z dx
= /um 1+ v du.
3. If the power of the tan z is an even positive and the power of the secx is an odd positive convert to sec x and use
the reduction formula or possibly use integration by parts

Ezxample 5: Find /taun6 zsec’ z dz.

Solution:

6 4 6 2 2
/tan rsec xdx tan’ xsec” x sec” xdx

tan® z(1 + tan® z) sec® zdx

u(1+u?) du w=tanz du=sec’zdz.

— e — —

(u® +u®) du

1
u7+§u9+C

1
—tan7x+§tan9x+C.

I I
= | =

EN|

Example 6: Find /tan5 O sec” 0do.

Solution:
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7.2 Trigonometric Integrals Techniques of Integration

/tan5 fsec’ 0dO = /tan4 0sec’ 0 secOtan 6 do
= /(tan2 6)* sec® 6 sec § tan 6 df
= /(sec2 0 — 1)*sec® 0 sec 0 tan 0 df
= /(u2 — 1)2u6 du u=sect du = secftantdo.
= /(u4 —2u” + 1)u’ du

= /(ulo —2u® + %) du

1y 24 14
STY g v e
= 1—115e0119f§se090+%sec79+6’.
||
Example 7: Find /tan3xdx.
Solution:
/tan3 rdr = /tan2 xrtanx dx Use tan”z = sec’z — 1 .
= /(sech — 1) tanx dx
f@) @ ‘
A~ ’ “(2)]?
= /tana:sec2 xdxf/tanxdx Use /f(;r)f/(:zf)dw = w +C .
tan® z
=—5 - In|secz|+ C
2
/tan?’xdx: tar; e —In|secz|+ C.
||

Example 8: Find /sec?’xdx.
Solution:

Notice that /se03 rdr = /secx sec’ z dx Let

2
U = Sec x dv = sec” x dx

du = secx tanx dx v =tanz
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7.2 Trigonometric Integrals Techniques of Integration

Therefore,

3 2 ;
/sec xdxzsecxtanxf/secxtan x dx Use /udv:u'uf /vdu.

2 2 2
=secztanz — /secx(sec z—1)de 1+ tan” z = sec” z.

/sec3 rdr =secxtanxr— / sec® zdx + /secxdw Collect the like integrals.
2 /5603 xdr =secztanz + In|secz + tan z| Divide by 2 and add C' to the right side.

t 1
/sechdxz w —|—§ln|secx+tanw|+6’.

Integrals Involving Cotangent and Cosecant

The guidelines for integrals involving cotangent and cosecant would be similar to that of integrals involving tangent and
secant.
Useful trigonometric identity: cot’z+1=csc’z

Useful integrals:

1./cscxcotmdx:—cscx+6’ 2./csc2xdx:—cotm+c

3./cotxdx:1n|sinx|+C 4./cscxdx:1n|cscxfcotx|+C.

Guidelines for Evaluating / cot™ x csc” x dx

1. If the power of the cot x, m = 2k+1 is odd and positive, save a csc x cot x factor and convert the remaining factors

to cscxz. Then, expand and integrate. We assume that v = cscz, then du = — csc z cot x dzx.

odd convert to cscx save for du

2k+1 2Nk 1
/cot + xcsc”xdx:/ (cot®z)"  csc™ " wescx cot x dr
= /(0502 x— 1) esc" P zescxcotxdr = — /(u2 — k" du.

2. If the power of the cscz, m = 2k is even and positive, save a csc? x, factor and convert the remaining factors to

cot z. Then, expand and integrate. We assume that u = cot z, then du = — csc® z dz.

even convert to cotxz save for du

m 2k _ m 2 k—1 2
cot™zesc™ xdr = [ cot™x (csc”z) csc” zdx
= /cotm z (14 cot® z)F ' esc® x da

= f/um 1+ v du.
3. If the power of the cot z is an even positive and the power of the cscz is an odd positive convert to cscx and use

the reduction formula or possibly use integration by parts

Ezxample 9: Find / cot* z csc* z da.

Solution:
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7.2 Trigonometric Integrals Techniques of Integration

/ esct zcot? zdr = / esc® z cot” z (csc® x) da
= / (1 + cot® z) (cot® z) (csc® z) da

=— / (cot* z + cot® z) (—esc® x)dx  w = cotz du= —csc” xde.

= —/(u4—|—u6)du
5 7
uw o u
=——-—=+4C
5 7 +
cot’z  cot’x
=— - C
5 7 +
|
Integrals Involving Sine-Cosine products with different Angles
Useful identities:
1
l.sinz siny = i[cos(x —y) — cos(z + )]
1
2.co8x COSY = i[cos(x —y) + cos(z + y)]
3.sinxcosy = %[Sin(x —y) +sin(z + y)]
Example 10: Find / sin 4x cos 3z dx.
Solution:
1
Use the trigonometric identity sinx cosy = 3 [sin(z — y) + sin(z + y)]:
. 1 . . . -1 ,
sin 4x cos 3x do = 5 (sinz + sin 7z) dz sin (ax)dz = — cos (az) + C
. a
1 1
= -5 cosT— o cos Tz + C.
|
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3 Trigonometric Substitution

Guidelines for Trigonometric Substitutions

Integrals involving /a2 — 22, (a® — z2)"

For Integrals involving v/ a? — 22, (a2 — xz)", where a is a positive constant. Then use the substitution;

x = asin@ where —7/2 < 6§ < 7/2, then dz = acosf df, and

\/@2 —x2 = \/a2 —a?sin?6 = \/a2(1 —sin?0) = Va2 cos? § = acos b,

because, cos @ > 0 for —7/2 < 0 < 7/2.

I
A [] -7 1 g

Guidelines for Trigonometric Substitutions

Integrals involving /a2 + 22, (a® + 22)"

For Integrals involving v/ a2 + 2, (a? +z?)", where a is a positive constant. Then use the substitution;

x = atan where —7/2 < 6 < /2, then dz = asec?  df, and

Va2 + 12 =a2 4+ a2tan20 = y/a2(1 + tan?0) = Va2 sec? 0 = asec,

because, secf > 0 for —7/2 < 0 < /2.



7.3 Trigonometric Substitution

Techniques of Integration

A [

Guidelines for Trigonometric Substitutions

Integrals involving /22 — a2, (z° — a®)"

For Integrals involving v/ 22 — a2, (ac2 — a2)”, where a is a positive constant. Then use the substitution;

x =asect where 0 < 0 < 7/2, m <60 < 3r/2 then dr = asecftandf, and

Va2 —a? = Va2sec?0 — a2 = /a2(sec20 — 1) = Va2 tan2 6 = a tan §

because, tanf > 0 for 0 < 0 <

bo| 3

Vo a—)

a

N )
Example 1: Find / gizxdx.
x

Solution:

3T

Yy =tanz
Y = seca
%
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7.3 Trigonometric Substitution

Techniques of Integration

let x = 3sinf then dx = 3cos6df sinf = g

V9 — 22 =9 —9sin26 = 3cos 6. 22 = 9sin?f

V9 — 22 3cosf &
/%dm =/C,LSZ - 3 cos 0do
x 9sin~ 0 .
20 052 e
= C?S df Cf)b‘ 0 = cot? 0. !
sin® 6 sin?

= /cot2 0 do cot? 0 = csc? 6 — 1.

= /(08029 —1)de

=—cotd—0+C uscsin@zgzw,

3 hypotenuse
A /9 )
= YITT ! (E) +C
T 3
|
2?2
Ezample 2: Find the area enclosed by the ellipse — + i 1.
a
Solution:
2 22 a2 — 22 2

Solving the equation for y we get i 1- Rl and hence 3> ;(QQ — 2%) Then y =

b
+—+/a? — 2. Since the ellipse is symmetric with respect to both axes, then the area A is four times the
a

b
area in the first quadrant. The part of the ellipse in the first quadrant is given by y = —va? — 22, 0 <
a

¢ b
z < a. Hence A=4/ EVGQ — 22, dx.
0
0,b)

a,0)
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7.3 Trigonometric Substitution Techniques of Integration

let x = asin @ then dr = acosfdf sinf = z
a

\/a2—:n2 = \/ag—azsinzﬂzacosﬂ.

sz,sin@in@szzajsin@z1$«9:%

@ ph
A:4/ —Vva?—22dx
0 a

b
:4—/2 acos Ba cos b db
aJo
= 4ab / ’ COS2 0 do cos? ) = M%s(ﬂ))
0
31 26
— 4ab / 2 14 cos(20) 4
0 2
1 3
= 2ab |:9 + 5 Sin (29):| use sin (nw) =0,n € Z
0
— 2ab [g+0—o] — abr
n
E le 3: Find / 1 d
zample 3: Fin —dzx.
P 24 + 2
Solution:
Let z = 2tan # then dz = 2sec? 0df tan 6 = g
\/4—1—302 V4 +4tan20 = 2sech. 22 =4tan20
/ / 2sec _ 2secd .,
;,;2\/4+;,; 4tan? 6 - 2sec O
sec 0 sec O ~0s°
B _ 2
4 / tan2 0 df tan®0  cos® sin?@’
1 / cos 0 )
= do use u = sin @ du = cos 6 d6.
sin? 6
/—du
———+C
4 U
_ 1
RS
—cscd
= C
4
244
S L L WS,
4z
| |
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7.3 Trigonometric Substitution Techniques of Integration

T
FExample 4: Find | ——— dx.
ple 4 / V4 + 22

Solution:

X _
= 1 /(4 =+ 562)71/2 2xdr  use /[f(l)}n f/(il‘)dil‘ = [f(w)]’”rl + C.

2 n—+1
1
=204+ V240

=vVid+a22+C

| |
Ezxample 5: Evaluate / dx, where a > 0.
22 — a2
Solution:
Let x = asec@ then
dr = asecftan 0do sec = z
a
V2 — a2 = Va2sec2§ — a?
= /a?(sec?f — 1) = atanb.
/ 1 d:C:/asecGtaane
V2 —a? atand
= /sec@d@
zln]secﬁ—l—tanﬁ\—i—C use se(:@zw.
adjacent
x x2 — qa?
—mE e Y
a a
=1In ’x + vV 2 — a2\ —Ina+ Cllet C=—-Ina+ Cy.
=Injz+ Va2 -a?+C
| |
3v3/2
x3 d
E:l:ample 6. Evaluate / W Z.

0
Solution:
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7.3 Trigonometric Substitution

Techniques of Integration

Note that (422 +9)%2 = (V422 + 9)° = (/(22)% + 32)°.

Let 22 = 3tanf t

3
hen z = §tan0

dr = ;sec2 0do tanf = 2;
VA4r2 +9 = v/9tan26 + 9
=4/9(tan? 0 + 1) = 3sec .
r=0=tand0 =0=0=0
r=3V3/2=tanh = V3 =0 =n/3

3

27 o . .
3\/5/2 7:6 dr = 7§ tan3 i § SeC2 0do use 7% tan® 6 é %e(*2 = i tan® 6
0 (43;2 + 9)3/2 o 27sec3 0 2 T 27sec36 27 7 16 sech
. 3v3/2 itan‘gﬂ tan® 0 N sin® 6
o 0 16 secéh secl  cos?@’
3 [3V3/2in?0 _
= E —29 sin 6 df let ©w = cos @ du = —sinfdf.
0 cos

3 3v3/2 1— cos?6

sin@dfif 0 = 0w = 1.

16 J, cos? 6
if0=n/3u= %
3 U292
= — —d
6 ), 2z W
3 1/2 1 a b
= 1_6 . [1 — ﬁ] du /z) flx)de =— K f(x)dx.
3 [ 1
= — — —ldu
16 1/2 u2
30,1 ! 3
= — u — —_ —
16 Ulyy 32
||
Integrals involve az® + bx + ¢
Complete the square
Example 7: Evaluate / S
3—2x — 22
Solution:
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7.3 Trigonometric Substitution

Techniques of Integration

We complete the square 3 — 2z — 2% =3 — [¢* + 224+ 1-1] =4 — (z + 1)

Let z +1 =2sinf then x =2sinf — 1

3—2¢ — 22 =

sinf =

1
Tt dr = 2cos6

4— (z+1)2

V4 — 4sin?0 = 2cosf.

| e—t= | e

g

2sinf — 1
2cos 6

2cos 6 db

:/[2sin9—1]d9

=2

—2cosl0—0+C

4—(x+1)2
2

. opposite
use sinf) = ——

1
—sin~! (%) +C

hypotenuse’

1
/3 -2z — 22 —sin! <%) +C.

Algebraic Functions

1 x
1. | — dx = sin™! (—) +C
/ Va2 — 22 a
1 1
2. | —= dr = = tan"! (E) +C
a? + x2 a

1
dr = = sec™ !

3’/;% a (§)+C

1
4. | — dlen‘x—i—\/xQ:taQ‘—i—C.
/\ﬂﬂicﬂ
1 Va2 + a2
5./— dx:lnw+0.
Va2 £ a2 a
1 -1 a+ Va2 + 2
6. | ————dr=—hn|———
v a? + 22 a z
1 1 a+x
7. | — dr = —1 C
a? — x? . 2a . a—2x +

+C.

. an_/([?(x) dz = sin”! <f (ax)) +C
2. [ e = gt () e

' f(x i
| e e =@ VTP E ]+
/ L v —In f(@) + [f@)]? £ a
") Forza a .
6’/ (z) d:c:_—lln a+ @=L (@)
PR CNGECEA 7@
@) wzina—i—f(x)
7'/a2_[f($)]2d 2a1 a— f(z) e

March 1, 2015
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7.4 Integration of Rational Functions by Partial Fractions

March 2, 2015

4 Integration Of Rational Functions By Partial Fractions
P(z)

Let f(z) = 0@ be a rational function; that is, P(z) and Q(z) are polynomial functions. If the
T
degree of P(x) is less than the degree of Q(z), we call f a proper rational function. If the degree of

P(z) is greater than or equal to the degree of Q(x), we call f an improper rational function. If f is an
P(z) R(z) : .

= S(x) + —— where R(x)/Q(x) is a proper rational
o0 = 5@+ 5 ()/Q(x)
fraction; that is, the degree of R(z) is less than the degree of Q(z). We know that every proper rational

R
function can be expressed as a sum: % = Fi(x)+ Fy(x)+- -+ F,(z) where Fi(z), Fy(z), ..., F,(x)
x
. : Ar + B : . .
are rational functions of the form or in which the denominators are factors
(az? +bx+c)k  (ax + b)k

of Q(x). The sum is called the partial fraction decomposition of R(z)/Q(z). The first step is finding

improper, then by long division, f(x) =

the form of the partial fraction decomposition of R(x)/Q(z) is to factor Q(z) completely into linear
and irreducible quadratic factors, and then collect all repeated factors so that Q(z) is expressed as
a product of distinct factors of the form (az + b)™ and (ax? + bz + ¢)™. From these factors we can

determine the form of the partial fraction decomposition using the following two rules:

Linear Factor Rule

For each factor of the form (ax + b)"™, the partial fraction decomposition contains the following sum

of m partial fractions:
Ay n Ag U Am
ar+b  (ax+b)? (ax + b)™

where Ay, Ao, ..., A, are constants to be determined.



7.4 Integration of Rational Functions by Par{ s Techniques of Integration

Quadratic Factor Rule

For each factor of the form (az?+bxz+c¢)™, the partial fraction decomposition contains the following

sum of m partial fractions:

Az + B Aoz + By n n A,x+ By,
ar? +br+c  (azx?+ bz + c)? (ax? + bx + c)™

where Ay, Ao, ..., Ay, B1, Bs, ..., By, are constants to be determined.

Integrating Improper Rational Functions

3
1
Ezxzample 1: Find / x +1 dr.
T —
Solution:
341 2
By long division v el —.
r—1 r—1

341 1
/er dac:/(z2+x+1)d:r+2/ dx
z—1 z—1

1 1
=—$3+§x2+x+2ln|x—1|+0.

3
[ |
. a3 —+x
Ezxzample 2: Find 5 dx
e —1
Solution:
By long division we have
3+ I 2z
2—-1 T2
2+ 2x
/ledx:/(x+x21> dx
1
= §x2+ln’x2 — 1’ +C.
[ |

Integrating Proper Rational Functions

3x — 17
E : Fi ———dx.
rample 3: Find / PR y— dx

Solution:

Since 2 — 22 — 3 = (x — 3)(z + 1), then by Linear Factor Rule

3z —17 3z — 17
2—-2r-3 (z-3)(x+1)
3z — 17 A B . .
= + Multiply both sides by (z — 3)(x + 1).

(x=3)(z+1) 2x2-3 z+1
3z —17=A(z + 1)+ B(z — 3).
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Techniques of Integration

If =3, then A= —2 and if z = —1, then B =5. Thus

/ 3z — 17 dx—/ 3z — 17 e
2-2r-3 " ) (x=3)(x+1)
-2 5
d
/[m—3+x+1] *
1 1
=-2
/xigdx+5/x+1dx

=—2In|z—3|+5njz+ 1]+ C.

||
E le 4 F'd/ 22 4+2x—1
zample 4: Fin ———dx
P 273 4 312 — 2z
Solution:
Since 22% + 322 — 2z = x(22? 4+ 3z — 2) = 2(2z — 1)(z + 2), then by Linear Factor Rule
?4+2—-1 2?4201
223 + 322 —2x  2(2z — 1)(z + 2)
22422 -1 7A+ B n C . .
l‘(2x — 1)(x T 2) = - o — 1 T+ 9 Multiply both sides by z(2z — 1)(z + 2).
22+ 22— 1= A2z —1)(x +2) + Ba(z +2) + Cx(2z — 1).
1
If x =0, then —1 = —2A, hence A = o
-1
If = —2, then —1 = 10C, hence C' = 10
1 1 1
If £ = =, then - = §B, hence B = —.
2 4 4 )
22+ 2z —1 11 11 2 -1 1
————————dr= [ |-+ - d
/2x3+3x2—2x v /[2z+522m1+ W0zrz| ™
1 1 1
:§ln|x|—|—1—oln|2x—1|—Eln|x+2|+0.
||

52 +20x + 6

Ewample 5: Find /m i

Solution:

Since x% + 222 + x = x(2* + 22 + 1) = z(x + 1)2, then by Linear Factor Rule

522 +20z+6 5%+ 20z +6

3 +222+x  z(r+1)2

522 +20z+6 A N B N C )

- 5 = — ultiply both sides by x(xz -
x(z+1)2 x x+1 (x+1)2 e ey

522 420z + 6 = A(x +1)® + Ba(x + 1) + Cx.
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7.4 Integration of Rational Functions by Par{ s Techniques of Integration

If x =0, then 6 = A, hence A = 6.
If x = —1, then —9 = —C, hence C' = 9.

1—4(6) —
If;rzl,then31:4A+2B+C,henceB:W:fl.
522 + 20z + 6 6 -1 9
2 e = = d
/z3+2z2+x v /[az+x+1+(m+1)2} v
1—1
=61n|x|—ln|x+1|+9%+c
z8 9
1 - C.
nx—l—l Jc—i-lJr

||
2 _ 3342
Ezxzample 6: Find Mdz.
3 — 222
Solution:
Since x® — 22% = 2?(x — 2), then by Linear Factor Rule
502 —3x+2 b2 —3z+2
3 —222 12(r—2)
502 —-3x+2 A B L c )
—_—— Y = — - ultiply both sides by = (z 2).
z2(z — 2) x 22 x—2 B vl
522 — 3z + 2 = Ax(x — 2) + Bz — 2) + C2?.
If x =0, then 2 = —2B, hence B = —1.
If x = 2, then 16 = 4C, hence C = 4.
Ifx=1thend=—-A—-B+C, hence A=—-4—(-1)+4=1.
5x2 — 3z + 2 1 -1 4
= e = -+ —+—\d
/ 23— 202 /{x+x2+m2} v
1 4
z/[——x_Q—l——] dz
T x—2
1
=Inlz|+—+4lnjz - 2|+ C
T
1
= 1n‘x(x — 2)4’ +—-+C.
x
||

1
Example 7: Find /ﬁ dzx, where a # 0.
2 —a

Solution:
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Techniques of Integration

Since ? — a® = (z — a)(z + a), then by Linear Factor Rule

1 1

22 —a? (x —a)(x + a)
1 A B

(x—a)(z+a) :;rfa+ac+a
1=A(x+a)+ B(z —a).

Multiply both sides by (z — a)(z + a).

1
If x = a, then 1 = 2aA, hence A = %"
a

If z = —a, then 1 = —2aB, hence B = 2—1
a

1 1 _ 1
/ﬁdfz/[Q—a‘f'i}dI
e —a r—a zT+a
1 1 1
= [ — ]dm
2a r—a T+a

1
=—[njlz—al|—In|x+a|]]+C

2a
1 _
= —m|=—2 + C.
2a T+a
||
o 5a% +11 .
Example 8: Find A d dx. Solution:

Since x* + 522 + 4 = (22 + 1)(2? + 4), then by Quadratic Factor Rule

Sx2+11 522 + 11
v+ 522 4+4 (22 +1) (22 +4)
522 4+ 11 _Ax—i—B Cx+D

(z2 + 1)(932 +4) T2 1 22 + 4 Multiply both sides by (22 + 1)(2? + 4).
522 + 11 = (Azx + B)(2® +4) + (Cz + D)(2* + 1)
522411 = A2® + Ba®> + 4Ax + 4B+ C2® + D> + Cx + D

502 +11 = (A + O)2® + (B + D)2 + (4A+ C)x + (4B + D).

2 coff. 0=A+C = A=-C (1)
2% coff. 5=B+D = D=5-B (2)
x coff. 0=4A+C (3)
constant coff. 11=4B+D (4)

From (1) and (3) we get C' =0 and A = 0. From (2) and (4) we get 11 =4B+5—B = B =2 & D = 3. Thus,

522 411 1 1
T gp=2f ———d 4
/(x2+1)(x2—|—4) v /x2—|—1 x+3/x2+4 v

3
=92tan 'z + 3 tan™! (g) +C.
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7.4 Integration of Rational Functions by Par! e Techniques of Integration

Tx? — 13z + 13
E le 9: Find d
wampse m / (x — 2)(x? — 22+ 3) -

Solution:
For the factor #? — 2z + 3, we have a = 1,b = —2, and ¢ = 3. Hence D = b*> — 4ac = 4 — 4(1)(3) < 0. Then
x? — 2z + 3, is irreducible. Then by Linear Factor Rule and Quadratic Factor Rule

722 — 132+ 13 A Bx + C

(r—2)(22 -2z +3) x—2+x2—2x—|—3
722 — 132+ 13 = A(2? — 22 + 3) + (Bz + C)(z — 2)

Multiply both sides by (z — 2)(:1:2 — 2z + 3).

72 — 13z 4+ 13 = Az? — 2Ax + 3A + Ba? — 2Bz + Cxz — 2C

72® —13v + 13 = (A+ B)2? + (—24 — 2B + C)z + (3A - 20).

z2 coff. 7T=A+B (1)
x coff. —13=-24-2B+C (2)
constant coff. 13=3A-2C (3)
for x =2 15 =34 (4)
From (4) A =5. Hence from (1) B =2 and from (3) C' =1 Thus,
/ 72?2 — 13z + 13
dx
(x — 2)(2? — 22+ 3)
5 2¢+ 1 N )
= / -; —+ m] d Note that (z° — 2z + 3)" = 2z — 2.
= _§ + w dx 2 . . 2, .
= z 1‘2 —or T 3 Note that z© — 2z +3 = (z — 1)° 4+ 2.
7/ § n 20 — 2 n 3 o . 1 Ll
= _{L‘ x2 _2x+3 ({L‘_ 1)2+2 Note that / W2t a2 du = :t(m (:)+(/.
3 z—1
=5In|z| +In (2% — 224 3) + —= tan~ + C.
b sy (3
||
Example 10: Find / W dx.
Solution:

We have = a linear factor and (2% 4+ 1)? an irreducible quadratic factor. Then by Linear Factor Rule and

Quadratic Factor Rule

1 A Bzx+C Dx+ FE _ _ .
m = ; + x2 T 1 (1'-2 T 1)2 Multiply both sides by x(z® + 1)“.
1=A(z* +1)* + (Bx + C)z(2* +1) + (Dx + E)x

1= A(z* + 222 + 1) + (Bz + O)(2® + z) + (D2 + Ex)
1= Az* +242% + A+ Ba* + Ca® + Ba? + Cx + D2 + Ex

1=(A+B)z* +C2®> + (2A+ B+ D)2’ + (C+ E)z+ A
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7.4 Integration of Rational Functions by Par{ s Techniques of Integration

x* coff. 0=A+B (1)
2% coff. 0=C_ (2)
22 coff. 0=244+B+D (3)
x coff. 0=C+FE (4)
constant coff. 1=A (5)

From (5) A = 1. Hence from (1) B = —A = —1. From (2) C = 0, and hence from (4) E = —C = 0. Finally
from (3) D = —-2A— B=—-2+1= —1. Thus,

1
——d
/x(:c2+1)2 v
1 —x —x .
= ; + x2 +1 + (1'2 + 1)2 dw Note that (° + 1) = 2z.
1 1 [ 2 L[,y s
:/def§/—$2+1dxf§/(x + 1) % 2xdx
1 1(x?2+1)7!
=1 —-In(z?+1) - =——">—
n |z 5 n(z*+1) 5 — +C
In || 11(2+1)+ L ¢
=In|z]| — =In(z _— :
2 2(z2 +1)
|
2
2
Example 11: Find /793 2+ z+3
¢4+ x+1
Solution:
2422 +3
Since x;—ix—i— is improper we first divide to obtain
¢4+ x+1

?4+204+3  (P+ax+1)+(x+2)
2+z+1 24+z+1
7:r2+:c+1 T+ 2
224241 224z+1
2

2+ax+1

Note that the quadratic 2 + z + 1 is irreducible because its discriminant D = b*> —4ac=1—-4 = -3 < 0. It

can not be factor. So we complete the square

11

2 2

1*7 - — - ].
rt+r+l=a"+z+ +

B +12+3
—\"T3 1
1

= (x+§>2+ ?)2
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Techniques of Integration

av—|—2:av—i—1—|—§
2 2
r+2 343
Pl (o e
o+ :

= 2+

@+’ + ()

@3+ (£)

/x2+2x+3
dx
224+x+1
7/ 14 T+ 2
N 2 +x+1
4+ 1 3
_/ 1+ - 2 + 22 > dI
1 V3 1 3
(z+3) +(7) (z+3) +(7)
x4+ 3
= / dl‘+/ 5 2 ) dx+/ 22 ) dzr Note that ((x + ]/2)2)/*2(‘1' +1/2).
(z+1)"+ (£ @+1)+(§)

Il
—
ISH
S
+
N |
—
—
o |
—
o |8
+ |+ —~
— oy
|C*3 ~
[ V]
QL
S
+
O
—
—
SN—
[V
—
—
vfS
~
[\v]
QU
5

Il
&

_|_
N~
=
N
8
+
N =
N———

N}
_|_
VR
| S
N——— ~—
N
+
N W
Sl
—+
<
=
L
VR
8
S| +
Dol
N———
+
Q

1 2 1
:x+§ln(x2+x+1)+\/§tan_l< s )+C.

Rationalizing Substitutions

Some nonrational functions can be changed into rational functions by means of appropriate substitutions. In
particular, when an integrand contains an expression of the form {/g(z), then the substitution u = {/g(x) my
be effective. Also if the integrand contains an expression of the form 3/ f(x), and %/ f(z), then the substitution
u= "%/f(x) my be effective.
1
Ezxzample 12: Find / ———dz.
1++v2zx

Solution:
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Techniques of Integration

Let u = +V2x

2udu =2dr wudu=dzx.

vt
————drx = | —udu
1+ V2zx 14+u
:/qulfldu
14+u

N[Ehp

=u—Injlu+1|+C
=Vv2z—In(l1+Vv2z)+C.

u? =2z

Note that ©v = u + 1 1.

[ |
Example 13: Find /;dﬂ?
e n Va+ o)
Solution:
Let u=+vzz =¥z ==z
6u’ du = dx V=u® Yr=u?
1 1
— = dr= | ———6u°d
/\/5(1+\3/5) ! /u3<1+u2> o
ub
=6 | ——d
/u3(1—|—u2) Y
2
ZG/ﬁdu u? = u -1 1
w?4+1-1
6 | ———d
/ 14 u? b
1
= 1-— d
6/{ u2+1} T
=6u—6tan 'u+C
=6z —6tan! (Y2) + C.
[ |
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